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ABSTRACT
We present a new analytical approach to derive approximate solutions describing the
shock evolution in non-radiative supernova remnants (SNRs). We focus on the study
of the forward shock and contact discontinuity while application to the reverse shock is
only discussed briefly. The spherical shock evolution of a SNR in both the interstellar
medium with a constant density profile and a circumstellar medium with a wind den-
sity profile is investigated. We compared our new analytical solution with numerical
simulations and found that a few percent accuracy is achieved. For the evolution of the
forward shock, we also compared our new solution to previous analytical models. In a
uniform ambient medium, the accuracy of our analytical approximation is comparable
to that in Truelove & McKee (1999). In a wind density profile medium, our solution
performs better than that in Micelotta et al. (2016), especially when the ejecta enve-
lope has a steep density profile. The new solution is significantly simplified compared
to previous analytical models, as it only depends on the asymptotic behaviors of the
remnant during its evolution.
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1 INTRODUCTION
In this work, we derive simple analytical formulae charac-
terizing the shock evolution in a non-radiative supernova
remnant (SNR). In order to obtain an analytical solution,
we constrain our discussion to a simple situation: spherical
expansion in a smooth medium (no clouds) with negligible
external thermal pressure. Thermal conduction, magnetic
fields and acceleration of cosmic ray particles are also ne-
glected for simplicity. The possible extension of the current
model to more complicated situations will be studied in fu-
ture work.
The work presented here focuses on the evolution of a
remnant in the post supernova phase. A point explosion with
an ejecta mass of Me j and total energy of ESN is assumed as
our initial condition. The energetic ejecta released in the
supernova explosion drive a blast wave into the surround-
ing ambient medium, which is assumed to have a power law
density profile with index s, i.e. ρa ∝ R−s. During the inter-
action between ejecta and ambient medium, both a forward
shock into the surrounding medium with radius Rb and a
reverse shock into the expanding ejecta with radius Rr are
generated. The interface between the ejecta and the ambient
⋆ E-mail: xt5uv@mpa-garching.mpg.de
medium is the shock contact discontinuity (CD). Its radius
is defined as Rc.
At early times, when the ejecta mass Me j ≫ Msw, the
swept up mass, the evolution of the remnant can follow two
different evolutionary tracks depending on the spatial den-
sity distribution of the ejecta envelope. If the ejecta enve-
lope has a shallow density profile ρ ∝ R−n with power law
index n < 5, the early evolution of a SNR is characterized by
the free expansion (FE) of the ejecta, with a narrow outer
shocked region. In the FE solution, the CD expands freely
with a constant velocity while the forward shock follows a
similarity solution (Parker 1963; Hamilton & Sarazin 1984).
Due to the accumulation of shocked ambient medium ahead
of the CD, it is found that Rb = qbRc where qb > 1 is a dimen-
sionless constant. If the ejecta envelope has a steep density
profile ρ ∝ R−n with power law index n > 5, the early evolu-
tion of a SNR is instead described by the self similar driven
wave (SSDW) solution (Chevalier 1982; Nadezhin 1985). In
the SSDW solution, Rc ∝ t(n−3)/(n−s) based on dimensional
analysis while Rb = qbRc and Rr = qrRc where qb and qr are
dimensionless constants.
As the blast wave expands, Msw gradually increases with
time and eventually becomes dynamically important. When
Msw ≫Me j, the expanding SNR has already lost the memory
of ejecta mass Me j and starts to follow the self similar Sedov-
c© 2016 The Authors
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Taylor (ST) solution (Taylor 1946; Sedov 1959) in which
Rb ∝ t2/(5−s).
According to the asymptotic behaviors described above
at Me j ≫ Msw and Me j ≪ Msw, (Truelove & McKee 1999,
hereafter TM99) derive analytic approximations for the evo-
lution of the forward shock and reverse shock in a non-
radiative SNR with further dynamical considerations. In
TM99, the solution for the forward shock contains two parts:
a general ED solution for the ED phase and a general ST
solution for the ST phase. The transition time tST defined
in TM99, which separates the general ED solution from the
general ST solution, is slightly different from the time when
Me j = Msw and in many cases is obtained through fitting nu-
merical simulations. The general ED solution asymptotically
approaches the FE solution when n < 5 and the SSDW so-
lution when n > 5 as t → 0, and is extended to finite t by
assuming the pressure behind the blast wave is proportional
to that behind the reverse shock. It has two different forms
depending on whether the reverse shock is in the envelope or
the core of the ejecta. The general ST solution approaches
the ST solution as t →∞ and equals to the value of the gen-
eral ED solution at tST . It has the form of an offset power law
and is designed to smoothly connect the general ED solution
and the ST solution. The solution for the reverse shock in
TM99 also contains two parts. In the ED phase, the reverse
shock position is derived by assuming the reverse shock ra-
dius is proportional to the forward shock radius. In the ST
phase, the reverse shock is described by a solution with con-
stant acceleration in the unshocked ejecta frame.
TM99 applied their method to a power law density
ambient medium with a focus on the uniform medium
and a brief discussion about the wind density profile.
Laming & Hwang (2003), Hwang & Laming (2012) and
Micelotta et al. (2016) then studied the wind density profile
in more detail with the method described in TM99. However,
their solutions are not compared to numerical simulations.
Laming & Hwang (2003) and Hwang & Laming (2012) also
presented analytical approximate formulae for the fitting co-
efficients used in the TM99 solution. Since all these analyt-
ical solutions (Truelove & McKee 1999; Laming & Hwang
2003; Hwang & Laming 2012; Micelotta et al. 2016) are
based on the method of TM99, from here on we refer to
the TM model as the combination of the above solutions.
Here we present a new analytical method to derive ap-
proximate solutions describing the shock evolution in a SNR
from the ED phase to the ST phase. The method is based
on dimensional analysis and depends on only the asymptotic
behaviors of the remnant, i.e. the FE solution and the SSDW
solution for Msw ≪Me j and the ST solution for Msw ≫Me j.
Because no further assumptions about the dynamical struc-
ture of the remnant are required as in the TM model, the
analytical approximations discussed here are much simpler
than the TM model solutions. The method presented here
could potentially be extended to other problems involving
the transition between two adjacent asymptotic limits.
In Section 2, we develop the analytical approach used
to derive the approximate solutions. Then we use the new
method to study the evolution of the forward shock and CD
in a non-radiative SNR. Analytical approximations for both
ejecta envelope with a shallow density profile n < 5 and a
steep density profile n > 5 are investigated in detail. In Sec-
tion 3, we summarize the analytical approximations for both
forward shock and CD, and then compare them with numer-
ical simulations. For the forward shock, we also compare our
new solutions with those from the TM model. We focus on
two particularly interesting cases: SNR evolution in the in-
terstellar medium with a constant density profile and SNR
evolution in circumstellar material with a wind density pro-
file. A reader who is only interested in the final expressions of
the analytical approximations can go directly to this section.
In Section 4, application of our new method to the reverse
shock is discussed briefly. A final discussion and summary
are in Section 5.
2 BASIC METHOD
2.1 Dimensional analysis
Based on the Π theorem (see, e.g., Chapter 1 of Barenblatt
1996), a physical relation involving k+m physical variables
with k independent physical dimensions can be simplified
into a physical relation with only m independent dimension-
less quantities. In other words, an equation
f (a1, ...,ak, ...,ak+m) = 0 (1)
involving k independent physical dimensions is equivalent to
the following simplified equation
F(Π1, ...,Πm) = 0, (2)
where Π1, ...,Πm are independent dimensionless quantities
built by a combination of a1, ...,ak+m. If m happens to be
1, eq. (2) then becomes F(Π) = 0 and has a trivial solution
Π = C, where C is a constant. When C 6= 0, according to
dimensional analysis, a self similar solution of the first kind
exists for the problem. The evolution of such a system is
characterized by the invariant dimensionless quantity Π=C.
The shock evolution in a non-radiative SNR under our
simplified assumptions involves 5 different dimensional phys-
ical variables: explosion energy ESN , ejecta mass Me j, ambi-
ent medium density ρa, remnant age t, and blast wave radius
Rb (or CD radius Rc and reverse shock radius Rr depending
on your interest). In this Section, we focus on the study of
the forward shock while an approximate solution for the CD
is presented at the end of this section. The reverse shock is
discussed briefly in Section 4.
Our primary initial goal is to derive an analytical ap-
proximation for the physical relation
fb(ESN ,Me j,ρa, t,Rb) = 0. (3)
The problem has 3 independent physical dimensions: length,
time and mass. According to the Π theorem, eq. (3) is equiv-
alent to the following relation
Fb(Π1,Π2) = 0, (4)
where
Π1 =
(
Rb
t
)2(Me j
ESN
)
(5)
and
Π2 =
R5bρa
ESNt2
(6)
are the 2 independent dimensionless quantities available for
our problem,
MNRAS 000, 1–11 (2016)
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Eq. (4) offers a complete description of the shock evo-
lution in a non-radiative SNR. The exact form of eq. (4)
must depend on physical considerations during the transi-
tion time and may not have a simple solution in the form of
R(t) or t(R). We instead seek analytical approximations for
Fb(Π1,Π2) which have a simple functional form and are con-
sistent with numerical simulations within a few percent. The
solution discussed below could be easily applied as a tool for
more complicated problems involving the shock evolution in
non-radiative SNRs.
2.2 Characteristic scales
Before we present our analytical solutions and compare them
with numerical simulations, we first define the characteristic
scales of the system to further simplify the expression. If
we assume the ambient medium has a power law density
profile, i.e. ρa(r) = ηsr−s, where ηs is a constant. Then the
characteristic length, time and mass of the system are as
follows
Mch = Me j, (7)
Rch = M
1/(3−s)
e j η
−1/(3−s)
s , (8)
tch = E
−1/2
SN M
(5−s)/2(3−s)
e j η
−1/(3−s)
s . (9)
We denote the physical quantity X in units of the corre-
sponding characteristic scale as X∗, i.e. X∗ = X/Mx1chR
x2
cht
x3
ch,
where x1,x2 and x3 are constants depending on the dimen-
sion of the quantity. In the rest of the paper, unless specifi-
cally noted, we use the dimensionless quantity X∗ instead of
X throughout our discussion.
We are particularly interested in two situations: SNR
evolution in the interstellar medium with a constant density
profile (s = 0) and SNR evolution in circumstellar matter
with a wind density profile (s = 2). For a uniform ambient
medium, the characteristic radius and time are
Rch = 3.4 pc
(
Me j
M⊙
)1/3(
mp cm
−3
ηs
)1/3
, (10)
and
tch = 473 yr
(
1051erg
ESN
)1/2( Me j
M⊙
)5/6(mp cm−3
ηs
)1/3
, (11)
where mp is the proton mass. For a wind density profile,
ηs = ˙Mw/4pivw where ˙Mw is the mass loss rate and vw is the
wind velocity. The characteristic radius and time now are
Rch = 12.9 pc
(
Me j
M⊙
)(
10−5 M⊙ yr−1
˙Mw
)( vw
10 km s−1
)
(12)
and
tch = 1772 yr
(
1051erg
ESN
)1/2( Me j
M⊙
)3/2
×
(
10−5 M⊙ yr−1
˙Mw
)( vw
10 km s−1
)
. (13)
The dimensionless quantities Π1 and Π2 now simply be-
come
Π1 =
(
R∗b
t∗
)2
and Π2 =
R∗5−sb
t∗2
(14)
2.3 Asymptotic behavior of the forward shock
In this subsection, we examine the asymptotic behaviors of
the forward shock during the non-radiative evolution, which
is essential to derive the analytical approximation. The dis-
cussion here about the asymptotic behavior of a SNR is gen-
eral and in principle could be extended to more complicated
situations. But to obtain an explicit expression of the asymp-
totic solution, we have to make some assumptions about the
density distribution in the ejecta and ambient medium. In
this paper, we apply the same density distribution as that
in TM99, which is presented in detail in Appendix A. Basi-
cally, the ejecta have a flat core, with core radius to ejecta
radius ratio wcore, and a power law envelope with index n,
while the ambient medium is assumed to have a power law
profile with index s.
When t → ∞, the remnant approaches the ST solution
and the blast wave radius R∗b = (ξ t∗2)1/(5−s), i.e.
Fb(Π1,Π2)(t → ∞) = Fb(Π2) = Π2−ξ = 0, (15)
where ξ is a dimensionless constant depending on the density
structure of the ambient medium ρa.
When t → 0, the asymptotic behavior of SNRs becomes
slightly complicated as we now have two different situations.
If the ejecta have a shallow envelope in density with power
law index n < 5, the remnant simply follows the FE solution
and the forward shock radius R∗b = qbR
∗
c = qbλct∗ where λc is a
dimensionless constant depending on the density structure of
the ejecta ρe j (Parker 1963; Hamilton & Sarazin 1984). We
define λb = qbλc and then the blast wave radius R∗b = λbt∗ as
t → 0, i.e.
Fb(Π1,Π2)(t → 0) = Fb(Π1) = Π1−λ 2b = 0. (16)
If the ejecta have a steep envelope with power law in-
dex n > 5, the remnant instead asymptotically approaches
the SSDW solution and the forward shock radius R∗b =
ζbt∗(n−3)/(n−s) (Chevalier 1982) as t → 0, i.e.
Fb(Π1,Π2)(t → 0) = Π
(n−5)/2(n−s)
1 Π
1/(n−s)
2 −ζb = 0, (17)
where ζb is a dimensionless constant depending on the den-
sity structure of both the ejecta ρe j and the ambient medium
ρa.
In Appendix A, we derive the dimensionless constants
λb(n), ξ (s) and ζb(n,s) based on the density profile assumed
in TM99. The resulting expressions are summarized in Table
1. According to the above discussion, the ST solution can be
considered as the asymptotic solution of the general equa-
tion Fb(Π1,Π2) = 0 in the limit t → ∞ while the FE solution
and SSDW solution behave like the asymptotic solution of
equation Fb(Π1,Π2) = 0 in the limit t → 0. No matter what
functional form of approximation we choose for eq. (4), it
must satisfy the asymptotic limits described in eqs. (15),
(16) and (17).
2.4 Analytical approximation for the forward
shock
The problem of deriving analytical solutions to the physi-
cal relation in eq. (3) is now simplified to the problem of
finding approximate solutions for eq. (4) under the bound-
ary conditions eqs. (15), (16) and (17). The primary goal
of this subsection is to derive analytical approximations for
MNRAS 000, 1–11 (2016)
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eq. (4) which have simple functional forms and satisfy the
boundary conditions discussed before. More importantly, as
we will show in the following section, the analytical approx-
imations discussed here are consistent with numerical simu-
lations within a few percent accuracy.
In this work, we focus on an analytical approximation
with the following polynomial form
Fb(Π1,Π2) =
(
Π1
λ 2b
)α
+
(
Π2
ξ
)β
−1 = 0 for n < 5 (18)
and
Fb(Π1,Π2) =
(
Π(n−5)/2(n−s)1 Π
1/(n−s)
2
ζb
)α
+
(
Π2
ξ
)β
−1 = 0 for n > 5. (19)
When α and β satisfy certain conditions, it can be shown
that the above solutions naturally satisfy the boundary con-
ditions eqs. (15), (16) and (17). However such approxima-
tions are still complicated and do not always provide explicit
expressions in the form of R(t) or t(R). If we further assume
2α =(5−s)β > 0 for eq. (18) and α = (5−s)β > 0 for eq. (19),
a simple analytical solution in the form of R(t) can be de-
rived easily. A simple analytical approximation in the form
of t(R) can also be obtained if we instead assume α = β > 0
for eq. (18) and α = 2β (n− s)/(n− 3) > 0 for eq. (19). R(t)
and t(R) type solutions are two ways to approach the exact
solution and approximate the evolution of the forward shock
in a non-radiative SNR. Both of them are able to provide
good fits to the simulations within a few percent accuracy,
despite the fact that each of them may have its own advan-
tage over certain parameter ranges. For simplicity, we will
stick with one type of solution during our discussion. It is
found that overall the R(t) type solutions show slightly bet-
ter performance than the t(R) solutions. In the rest of this
section, we will focus on the R(t) type solution.
2.5 n < 5 solution for the forward shock
Assuming 2α = (5− s)β > 0, eq. (18) now becomes(
R∗b
λbt∗
)2α
+
R2αb
(ξ t∗2)2α/(5−s) = 1. (20)
The solution of the equation can be expressed explicitly in
the form
R∗b(t
∗) =
[
(λbt∗)−2α +
(
ξ t∗2
)−2α/(5−s)]−1/2α
. (21)
Equation (21) with various α forms a group of curves
representing different shapes of the transition from the FE
solution to the ST solution. If we define a transition time
t∗tran and radius R∗tran at which the two terms on the RHS of
eq. (21) are equal to each other, then we have
t∗tran =
(
ξ
λ 5−sb
)1/(3−s)
and R∗tran = 2−1/2α
(
ξ
λ 2b
)1/(3−s)
.
(22)
t∗tran does not depend on α and can be considered as a crit-
ical time when the swept up mass becomes significant and
Table 1. Analytical approximation for the forward shock radius
R∗b
n < 5
R∗b(t
∗) =
[
(λbt∗)−2α +
(ξ t∗2)−2α/(5−s)]−1/2α ,
n > 5
R∗b(t
∗) =
[(
ζbt∗(n−3)/(n−s)
)−α
+
(ξ t∗2)−α/(5−s)]−1/α
λ 2c (n > 3) = 2w−2core
(
5−n
3−n
)(
wn−3core−n/3
wn−5core−n/5
)
,
λ 2c (n < 3) = 2
(
5−n
3−n
)
,
aλb = qbλc, where qb(s = 0) = 1.1 and qb(s = 2) = 1.19,
bζb =
(
R1
Rc
)(
A f0wncoreλ n−3c
)1/(n−s)
,
cξ (s = 0) = 2.026 and ξ (s = 2) = 3/2pi,
a Reference Parker (1963) and Hamilton & Sarazin (1984).
b Exact values of ζb for s = 0 and s = 2 cases are presented in Table
3 and 4 respectively. See Appendix A for a detailed derivation.
c See eq. (A8) in Appendix A for ξ (s) with arbitrary s.
α is the free parameter in the model. The best fits α for s = 0 and
s = 2 are recorded in Tables 3 and 4, respectively.
dynamically important. The value of R∗tran does change with
α. When α → ∞, R∗tran → (ξ/λ 2b )1/(3−s) and eq. (21) repre-
sents an instantaneous transition from the FE solution to
the ST solution. When α → 0, R∗tran → 0 and the equation in-
stead characterizes a situation in which the system infinitely
slowly and smoothly transits from one solution to another.
In summary, when α varies from 0 to ∞, the curve described
by eq. (21) changes from a slow and smooth transition to a
break power law, as shown in Fig 1. It is expected that one
of the curves in the group can approximate the evolution of
a non-radiative SNR. Values of t∗tran and R∗tran calculated for
various density structures are shown in Table 3 and 4 for
s = 0 and s = 2, respectively.
2.6 n > 5 solution for the forward shock
Assuming α = (5− s)β > 0, eq. (19) then becomes(
Rb
ζbt(n−3)/(n−s)
)α
+
(
R∗5−sb
ξ t∗2
)β
= 1. (23)
The solution to the equation can be expressed explicitly in
the form
R∗b(t
∗) =
[(
ζbt∗(n−3)/(n−s)
)−α
+
(
ξ t∗2
)−α/(5−s)]−1/α
. (24)
Again we can define the transition time t∗tran and radius R∗tran
between the SSDW solution and the ST solution:
t∗tran =
(
ξ
ζ 5−sb
)(n−s)/(n−5)(3−s)
(25)
and
R∗tran =
ζb
21/α
t∗(n−3)/(n−s)tran =
ζb
21/α
(
ξ
ζ 5−sb
)(n−3)/(n−5)(3−s)
. (26)
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Figure 1. Dimensionless forward shock radius R∗b as a function of
the dimensionless time t∗ for various α . The calculation is based
on eq. (21) with n = 0 and s = 0 .
As in the n < 5 case, t∗tran does not depend on α and charac-
terizes the time when the swept up mass becomes significant
and dynamically important. When we vary α we only ma-
nipulate the transition radius R∗tran, which determines the
smoothness of the transition.
2.7 Contact Discontinuity
The time evolution of the CD radius in non-radiative SNRs
has not been discussed before in the literature. Since the
method developed here depends on only the asymptotic be-
havior of the remnant, in principle it can also be applied to
the evolution of the CD radius R∗c . The asymptotic behavior
of R∗c at early times, when t∗→ 0, is simply the FE solution
R∗c = λct∗ for n < 5 (27)
and the SSDW solution
R∗c = ζct∗(n−3)/(n−s) for n > 5. (28)
λc and ζc are constants that depend on the density pro-
file of ejecta and ambient medium. λc is related to λb
(Hamilton & Sarazin 1984) while ζc is proportional to ζb
(Chevalier 1982). The detailed derivation of λc and ζc is
presented in Appendix A. The asymptotic behavior of the
CD as t∗→ ∞, however, is not very clear at this point. If we
assume the asymptotic behavior of the CD at t∗→∞ can be
described by a simple power law relation ct∗b, where c and b
are constants, then following the same spirit as for the for-
ward shock we obtain the following approximation for R∗c :
(
R∗c
λct∗
)α
+
(
R∗c
ct∗b
)α
= 1 for n > 5 (29)
and(
R∗c
ζct∗(n−3)/(n−s)
)α
+
(
R∗c
ct∗b
)α
= 1 for n > 5. (30)
Now R∗c has a simple analytical solution
R∗c =
[
(λct∗)−α +(ct∗b)−α
]−1/α
for n < 5, (31)
Table 2. Analytical approximation for the CD radius R∗c
n < 5
R∗c =
[
(λct∗)−α +
(
ct∗b
)−α]−1/α
,
n > 5
R∗c =
[(
ζct∗(n−3)/(n−s)
)−α
+
(
ct∗b
)−α]−1/α
,
λ 2c (n > 3) = 2w−2core
(
5−n
3−n
)(
wn−3core−n/3
wn−5core−n/5
)
,
λ 2c (n < 3) = 2
(
5−n
3−n
)
,
aζc = (A f0wncoreλ n−3c )1/(n−s)
a Exact values of ζc for s = 0 and s = 2 cases are presented in Tables
5 and 6, respectively. See Appendix A for a detailed derivation.
α , b and c are free parameters of the model. Their best fit values for
the s = 0 and s = 2 cases are recorded in Table 5 and 6, respectively.
and
R∗c =
[
(ζct∗(n−3)/(n−s))−α +(ct∗b)−α
]−1/α
for n > 5. (32)
In section 3, we will show that the above solutions are able
to provide good fits to numerical simulations within a few
percent accuracy.
3 COMPARISON TO NUMERICAL
SIMULATIONS AND THE TM MODEL
In this section, we compare our analytical approximations
for the forward shock radius R∗b and the CD radius R
∗
c to nu-
merical simulations. For the forward shock, we also compare
our new solution to the TM model results if available. Phys-
ical variables with the symbol ∗ are dimensionless quantities
in units of the characteristic scales defined in section 2.2.
3.1 Summary of our model
Our analytical approximations for the forward shock and
CD are summarized in Tables 1 and 2, respectively. wcore,n
and s are constants characterizing the initial density dis-
tribution in the ejecta and ambient medium. Basically, the
ejecta have a flat core, with core radius to ejecta radius ratio
wcore, and a power law envelope with index n, while the am-
bient medium is assumed to have a power law profile with
index s. λb, λc, ζb, ζc and ξ are dimensionless constants de-
scribing the asymptotic behavior of the remnant that can
be derived analytically. λb and λc correspond to the free ex-
pansion velocity of the forward shock and CD in the FE
solution, respectively. ζb and ζc are the dimensionless con-
stants for the forward shock and CD in the SSDW solution,
respectively. ξ is the dimensionless constant in the ST so-
lution. For detailed definitions and derivations of the above
parameters, see the discussion in Appendix A.
For the forward shock, α is the only free parameter in
our new analytical approximations, while for the CD we have
three free parameters α, b and c in our new solution. In this
MNRAS 000, 1–11 (2016)
6 Xiaping Tang and Roger A. Chevalier
paper, we focus on two particularly interesting situations:
SNR evolution in the interstellar medium with a constant
density profile (s = 0) and SNR evolution in circumstellar
matter with a wind density profile (s = 2). In each situation,
we run numerical simulations with selected n from 0 to 14
and then compare the simulation results with the analytical
model to obtain the best fit free parameters. For the forward
shock, the best fit α for the s = 0 and s = 2 cases with differ-
ent n are presented in Table 3 and 4 respectively. For the CD,
the best fit α, b and c for s = 0 and s = 2 cases with different
n are recorded in Table 5 and 6 respectively. Considering the
uncertainty introduced by the code and the uncertainty in
the input parameters like ζb, ζc, λb and λc which have only
2 or 3 effective digits, in the fitting with numerical results
we did not pursue accuracy beyond 1% and the best fit free
parameters presented in Table 3 to 6 also have no more than
3 significant digits.
One uncertainty in the setup of the ejecta density profile
is the core radius ratio, i.e. wcore =Rcore/Re j. In the numerical
simulation, when n < 3, wcore = 0 is assumed for simplifica-
tion. When n > 3, a flat core is assumed to ensure the ejecta
have a finite mass. wcore can be estimated by investigating
the core velocity to ejecta velocity ratio, i.e. vcore/ve j =wcore.
For n > 5, typical values of vcore are found to be between
103 km s−1 and 104 km s−1 (Chevalier & Fransson 1994).
ve j of several 104 km s−1 has been observationally measured.
Meanwhile ve j should be smaller than the speed of light. So
a value between 0.01 and 0.1 would be reasonable for wcore.
Here we adopt the values wcore = 0.05 for s= 0 and wcore = 0.1
for s = 2, which are slightly larger than the values used in
TM99. A larger wcore is used for the s = 2 cases mainly due
to numerical considerations. When s = 2 the density con-
trast between the ejecta and ambient medium is very high
especially for large n, which causes difficulty for numerical
simulations with very small wcore.
A change in wcore can affect λb and λc in the FE solution
when 3 < n < 5, plus ζb and ζc in the SSDW solution. When
n≥ 7, ζb and ζc presented in Tables 3 to 6 for either wcore =
0.05 or wcore = 0.1 are consistent with the asymptotic value
at wcore → 0 within 2%. For n = 6, the difference is slightly
larger and about 5%. It is expected that a choice of different
wcore within the range 0.1− 0.01 would affect ζb and ζc by
only a few percents. Variation of wcore does change λb and λc
with 3 < n < 5 significantly, as λb ∝ λc ∝ w−1core when wcore →
0. However, 3 < n < 5 cases are not very important for the
study of SNR evolution. Overall we believe different choices
of wcore within 0.01−0.1 would not affect the application of
our approximate solutions for shock evolution significantly.
3.2 Comparison with numerical simulations and
TM model
In Tables 3 to 6, we introduce a dimensionless ra-
tio |∆R∗(t∗)|/R∗(t∗) to illustrate the performance of our
model when comparing with numerical simulations. In
|∆R∗(t∗)|/R∗(t∗), R∗ is the radius estimated from our analyti-
cal model and ∆R∗ is the radius offset between the numerical
simulation and the analytical approximation. The numerical
method applied in this paper is similar as that in TM99 with
minor changes; see Appendix B for the detailed numerical
setup.
In Fig. 2 and 3, we present example fits with selected n
Table 3. Basic parameters for the analytical approximation of
the forward shock in a uniform medium with s = 0
n α ζb t∗tran R∗tran |∆R∗b|/R∗b
0 1.25 - 0.4 0.6 . 2%
1 1.19 - 0.34 0.56 . 2%
2 1.10 - 0.24 0.48 . 2%
4 0.80 - 0.04 0.2 . 2%
6 36.1 1.06 2.29 1.57 . 4%
7 20.3 1.06 1.62 1.35 . 2%
8 14.7 1.08 1.33 1.23 . 2%
9 10.4 1.12 1.11 1.12 . 2%
10 8.91 1.15 1.0 1.07 . 2%
12 7.11 1.21 0.87 0.99 . 2%
14 6.23 1.26 0.79 0.94 . 2%
wcore = 0 for n < 3 and wcore = 0.05 for n > 3.
Table 4. Basic parameters for the analytical approximation of
the forward shock in a wind profile medium with s = 2
n α ζb t∗tran R∗tran |∆R∗b|/R∗b
0 0.95 - 0.05 0.07 . 1%
1 0.91 - 0.04 0.06 . 1%
2 0.85 - 0.02 0.04 . 1%
4 0.63 - 0.002 0.007 . 1%
6 11.3 0.77 1.2 0.83 . 1%
7 8.00 0.83 0.64 0.53 . 1%
8 6.22 0.90 0.43 0.4 . 1%
9 5.16 0.97 0.32 0.32 . 1%
10 4.56 1.03 0.27 0.28 . 1%
12 3.81 1.14 0.2 0.22 . 1%
14 3.40 1.23 0.16 0.19 . 1%
wcore = 0 for n < 3 and wcore = 0.1 for n > 3.
Table 5. Basic parameters for the analytical approximation of
CD in a uniform medium with s = 0
n a b c ζc t∗lim |∆R∗c |/R∗c
0 0.89 -0.37 1.66 - 4 . 4%
1 0.94 -0.25 1.42 - 4.5 . 4%
2 1.08 -0.06 1.05 - 5 . 2%
4 1.38 0.27 0.72 - 4 . 5%
6 5.54 -0.1 1.11 0.84 4.5 . 1%
7 4.28 -0.11 1.09 0.89 4.5 . 2%
8 3.09 -0.16 1.16 0.94 4 . 2%
9 3.01 -0.13 1.09 0.98 4 . 3%
10 2.92 -0.12 1.07 1.01 4 . 3%
12 2.35 -0.16 1.11 1.08 4 . 3%
14 2.20 -0.16 1.10 1.13 4 . 4%
wcore = 0 for n < 3 and wcore = 0.05 for n > 3.
for s = 0 and s = 2, respectively. The solution from the TM
model, if available, is also provided in the figures for com-
parison. In the figures, we only show the fitting results in
the time range 0.03 < t∗ < 20, which covers the transition re-
gion with t∗ ∼ t∗tran between the early FE solution (n < 5) or
SSDW solution (n > 5) and the late ST solution. Remnants
falling into this time range are found to have a radius be-
tween about 0.05Rch to 4.5Rch, where Rch is the characteristic
radius defined in section 2.2. For typical SNR parameters,
we found the corresponding dimensional radius is roughly
in the range [0.2pc,15pc] for uniform medium (s = 0) and
[0.6pc,60pc] for wind density profile (s = 2) which should
be enough for comparison with observation. More impor-
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Table 6. Basic parameters for the analytical approximation of
CD in a wind profile medium with s = 2
n a b c ζc t∗lim |∆R∗c |/R∗c
0 1.23 0.50 0.53 - 16 . 1%
1 1.16 0.50 0.54 - 16 . 1%
2 1.06 0.51 0.52 - 16 . 1%
4 0.58 0.47 0.71 - 16 . 2%
6 6.04 0.53 0.47 0.56 16 . 1%
7 4.61 0.53 0.47 0.64 16 . 1%
8 3.81 0.53 0.47 0.71 16 . 1%
9 3.35 0.53 0.47 0.77 16 . 1%
10 2.94 0.53 0.47 0.83 16 . 1%
12 2.47 0.52 0.48 0.93 16 . 1%
14 2.21 0.52 0.48 1.01 16 . 1%
wcore = 0 for n < 3 and wcore = 0.1 for n > 3.
tantly, the difference between the analytical approximation
and simulated remnants is expected to gradually shrink to
zero when t∗ moves far away from t∗tran. t
∗
tran is shown as a
vertical black dashed line in Figs. 2 and 3. In Tables 3 to 6,
we also list the values of t∗tran and R∗tran, which characterize
the transition time and radius from the early ED phase to
the late ST phase.
Next we discuss our model performance for the forward
shock and the CD in detail. We begin with the forward shock
model. As shown in Tables 3 and 4, our model can repro-
duce the simulation results within about 2% accuracy for
s = 0 and about 1% accuracy for s = 2. In Fig. 2 and 3, the
ratios |∆R∗b(t
∗)|/R∗b(t
∗) in the top panel with n= 0 show spikes
at small t∗ that are mainly due to the spatial resolution of
the simulation. Thus these spikes are not taken into account
when counting the uncertainty of our model. For the middle
and bottom panels in Figs. 2 and 3 with n > 5, the large
offset between the model and numerical simulation at small
t∗ is mainly introduced by the initial setup of our code. In
the simulation for n > 5, we assume the remnant follows the
FE solution at t∗0 when the simulation starts. Although the
SSDW solution works like a magnet and the simulated rem-
nant quickly evolves to the SSDW solution. The results at
small t∗ could still possibly be affected. This is clearly shown
in the bottom panel of Fig. 2. We found when we decrease
t∗0 , the deviation at small t
∗ also decreases. We ignore the de-
viation at small t∗ when deriving the uncertainty |∆R∗b|/R
∗
b
shown in Tables 3 and 4.
According to Figs. 2 and 3, for a uniform medium with
s = 0 both our model and the TM model produce reason-
ably good fits to the simulations. For a wind density pro-
file with s = 2, our model provides better performance than
the TM model especially for large n. It is probably because
the solution developed in Micelotta et al. (2016) for a wind
density profile is simply a connection of the SSDW solution
and the general ST solution. However the SSDW solution
is only valid when the reverse shock is still in the ejecta
envelope. After the reverse shock enters the flat core, a gen-
eral ED solution is needed for the TM model, especially for
n ≫ 5 cases. Also when Micelotta et al. (2016) extend the
solutions in TM99 to a wind density profile situation, they
do not compare their model results with numerical simula-
tions. The difference between our model and the TM model
could be more easily identified in the evolution of velocity.
In case the general ED solution and the general ST solution
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Figure 2. Fitting of the forward shock radius R∗b and CD radius
R∗c with s = 0. From top to bottom, the panels show n = 0, 7 and
14, respectively. The x-axis is the dimensionless time t∗. The left
y-axis is the dimensionless radius R∗ and the right y-axis is the
radius offset |∆R∗|/R∗. The blue lines are for the forward shock
while the red lines are for the CD. The solid line is the simulation
result, the dot-dashed line is our model prediction, the dashed line
is the TM model estimate and the dotted line is the normalized
radius offset between the numerical simulation and our model.
The black vertical dashed line characterizes the transition time
t∗tran from early FE or SSDW solution to the late ST solution.
are imperfectly connected, the velocity provided by the TM
model may exhibit a small break in the transition region
while our model velocity is a smooth function of time. For
the TM model, we found this break is mainly significant for
cases with large n. In Fig. 4, we plot the forward shock ve-
locity as a function of time for two cases, n = 14, s = 0 and
n = 14, s = 2. The simulation velocity presented in the figure
is calculated using the strong shock condition, i.e. the shock
velocity is 4/3 of the post shock velocity. We also calculated
the shock velocity with the time derivative, i.e. v = dR/dt, as
in TM99. We found that the velocities from the above two
methods are consistent with each other for the time range
studied here.
Our model provides a good fit for the n = 4 case, while
the TM model runs into trouble with this case. It is prob-
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Figure 3. Same as Fig 2 but with s = 2. Note t∗tran in top panel
with n = 0 is very small.
ably due to the following two reasons. At first, when n = 4
the majority of mass is concentrated in the core of the ejecta
while the majority of the energy is stored in the envelope of
the ejecta. Because of this special configuration, the rem-
nant can quickly enter the ST phase as long as the bulk of
the energy is transferred to the ambient medium, while the
majority of the mass in the ejecta still remains unshocked.
In our fitting for n = 4, we found a very small transition time
t∗tran (see Tables 3 and 4) that is much smaller than the t
∗
ST
derived in the TM model. Due to the small t∗tran, the rem-
nant simply follows the ST solution during almost the entire
time range presented in the figures, which is easy to fit. Sec-
ondly our model only depends on the asymptotic behavior of
the remnant without any assumption about the dynamical
structure. Thus it is not strongly affected by the mass and
energy distribution within the ejecta.
We now consider the CD model. As shown in Tables 5
and 6, our model can reproduce the simulation results within
about 4% accuracy for s= 0 and about 1% accuracy for s= 2.
In Figs. 2 and 3, at small t∗ we also see spikes due to limited
spatial resolution in the top panel and the large offset due to
the initial setup of our code in the middle and bottom panels.
10−1
100
v
∗ b
v∗b simulation
v∗b model
v∗b TM model
10−1 100 101
t∗
10−1
100
v
∗ b
v∗b simulation
v∗b model
v∗b TM model
Figure 4. Dimensionless forward shock velocity as a function of
time. The upper panel is for n= 14 and s= 0 while the lower panel
is for n= 14 and s = 2. The black solid line is the simulation result,
blue dot-dashed line is our model prediction, and the red dashed
line is the TM model estimate.
As in the forward shock fitting, we ignore those features at
small t∗ when deriving the uncertainty |∆R∗c |/R∗c . At large
t∗, the CD radius exhibits different behaviors in a uniform
medium and a wind density profile, so we will discuss them
separately.
In a uniform medium, the CD radius starts to show
oscillations around t∗ ∼ 4, which is probably due to the re-
flected wave generated when the reverse shock reaches the
remnant center. Because of this feature, we only fit the sim-
ulation results up to a time t∗lim which marks the beginning
of the oscillation phase for the CD. The choices of t∗lim for
different n are listed in Table 5. The parameters α, b, c and
|∆R∗c|/R∗c provided in Table 5 are only valid up to t∗lim. Beyond
this limit, the evolution of the CD radius is complicated and
hard to model.
In a wind density profile, we did not see the oscillation
seen in a uniform medium up to t∗lim ≈ 16. It is probably
because there is less material in the surrounding medium
and it takes a longer time for the reverse shock to reach the
remnant center and generate the reflected wave. Since the
asymptotic behavior of R∗c at t∗→∞ is unclear, the parame-
ters α, b, c and |∆R∗c|/R∗c provided in Table 6 are expected to
be only valid up to t∗lim ≈ 16. At t∗ = t∗lim ≈ 16, we find the for-
ward shock radius Rb already reaches about 5Rch. According
to eq. 12, the wind bubble radius Rb, for a case with ejecta
mass Me j = M⊙, mass loss rate ˙Mw = 10−5 M⊙yr−1 and wind
velocity vw = 10km/s, is about 65 pc.
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4 REVERSE SHOCK
The method developed in this paper depends only on the
asymptotic behavior of the remnant and in principal can
also be applied to the evolution of the reverse shock radius
R∗r . The asymptotic behavior of R∗r at early times t → 0 is
simply the FE solution for n < 5 and the SSDW solution for
n > 5. The asymptotic behavior of the reverse shock, when
it is approaching the remnant center, however, is not very
clear at this point. If we assume the asymptotic behavior
of the reverse shock in this limit can be described by the
following relation
R∗r (t
∗→ t∗c ) = c(t
∗
c − t
∗)b → 0, (33)
where t∗c represents the dimensionless time when the reverse
shock reaches the remnant center. b and c together charac-
terize how fast the reverse shock is approaching the remnant
center. The analytical approximation for the reverse shock
radius can then be constructed as for the forward shock and
CD. One simple way of building the analytical approxima-
tion is as follows:(
R∗r
λrt∗
)α
+
[
R∗r
c(t∗c − t∗)b
]α
= 1. (34)
Now we have a solution in the form of R(t) which is
R∗r = {(λrt∗)−α +[c(t∗c − t∗)b]−α}−1/α , (35)
where λr(n = 0) = λc(n = 0) (Hamilton & Sarazin 1984) is
the dimensionless constant for the reverse shock in the FE
solution. In Fig. 5, we use the s = 0 and n = 0 case as an ex-
ample to show the validity of the above approximation. The
fitting parameters we use are α = 1.23, b = 0.58, c = 0.74
and t∗c = 2.37. The new solution provides a good fit to the
numerical simulation and is comparable to results from the
TM model. However, because we do not know the asymp-
totic behavior of the reverse shock when it is approaching the
remnant center, we have to make an arbitrary assumption,
e.g., eq. (33). As a result, the approximate solution for the
reverse shock now has four free parameters instead of one as
for the forward shock, and the model becomes more compli-
cated. Since the overall improvement of eq (35) compared to
the TM model is not very significant, we do not investigate
these solutions. Instead, we recommend that readers use the
TM model solution for the evolution of reverse shock. In Ta-
bles 7 and 8, we summarize the reverse shock solution from
the TM model for different situations (Truelove & McKee
1999, 2000; Hwang & Laming 2012; Micelotta et al. 2016).
5 DISCUSSION AND SUMMARY
In fitting the CD, we assume that the CD asymptotically ap-
proaches the power law relation R∗c ∼ ct∗b. For a wind density
profile (s = 2), the values of b and c (see Table 6) we found
are almost constant for ejecta with different density pro-
files, which implies a universal asymptotic limit for the CD
like the ST solution for the forward shock. For a uniform
medium, the derived b and c show larger variations because
the reflected wave driven by the reverse shock complicates
the situation. Thus we have to apply an arbitrary upper cut-
off t∗lim during the fitting, which could affect the values of b
and c.
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0.2
0.3
0.4
0.5
0.6
0.7
0.8
R
∗ r
R∗r simulation
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R∗r TM model
Figure 5. Reverse shock fitting with s = 0 and n= 0 with a linear
scale. The black solid line is the simulation result, the blue dot-
dashed line is our model prediction and the red dashed line is the
TM model estimate.
Table 7. TM model solution for the reverse shock radius R∗r with
0≤ n < 3 and s = 0
t∗ < t∗ST
t∗(R∗r ) = 0.707hR∗r [1−0.762(3−n)1/2R
∗3/2
r ]
−2/(3−n)
t∗ ≥ t∗ST
R∗r (t
∗) = t∗{1.56h−1R∗r,ST − (0.106−0.128n)(t∗ −0.639h)
−
[
v˜∗r,ST − (0.0676−0.0819n)h
]
ln(1.56h−1 t∗)}
h =
(
3−n
5−n
)1/2
t∗ST , R
∗
r,ST and v˜
∗
r,ST are given in Table 3 of TM99.
Reference: Truelove & McKee (1999) and Truelove & McKee
(2000).
Table 8. TM model solution for the reverse shock radius R∗r with
5 < n≤ 14 and s = 0,2
t∗ < t∗core
R∗r =
1
lED
{
v∗n−3core
(3− s)2
n(n−3)
3
4pi
ln−2ED
φED
}1/(n−s)
t∗
n−3
n−s ,
t∗ ≥ t∗core
R∗r =
[
R∗b(t
∗ = t∗core)
lEDt∗core
−
3− s
n−3
v∗b(t
∗ = t∗core)
lED
ln t
∗
t∗core
]
t∗,
t∗core =
[
ls−2ED
φED
3
4pi
(3− s)2
n(n−3)
]1/(3−s)
1
v∗core
v∗core =
[
10(n−5)
3(n−3)
]1/2
lED = 1+
8
n2
+
0.4
4− s
φED = [0.65− exp(−n/4)]
√
1−
s
3
Reference: Micelotta et al. (2016).
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In this paper, we present a new approach to derive an-
alytical approximations describing the shock evolution in a
non-radiative SNR. The new approach depends on only the
asymptotic behaviors of the remnant during its evolution
and thus is greatly simplified compared with the TM model.
We then use the new method to closely investigate the shock
evolution in a non-radiative SNR in both the interstellar
medium with a constant density profile and a circumstellar
medium with a wind density profile. We focus on the study
of the forward shock and CD while application to the reverse
shock is also briefly discussed. We compare our new analyti-
cal approximation with numerical simulations and find that
a few percent accuracy is achieved for all investigated cases.
For the forward shock, we also compare our new solutions to
the TM model. In a uniform ambient medium, our solutions
are comparable to the TM model while for a wind density
profile medium our solutions perform better, especially when
the ejecta envelope has a steep density profile. In order to
obtain the analytical solution, we made several simplifying
assumptions. Possible extensions of the current solutions to
more complicated situations will be studied in future work.
The transition from the ST phase to the radiative phase in
SNR evolution has been discussed in Cioffi et al. (1988). In
the future, we would like to use the method developed here
to investigate the problem.
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APPENDIX A: DIMENSIONLESS CONSTANTS
FOR ASYMPTOTIC SOLUTIONS
The density profile applied here is the same as that in TM99:
ρ(r, t) =
{
ρe j(r) = Me jR3e j f (
r
Re j ), r ≤ Re j
ρa(r) = ηsr−s r > Re j,
(A1)
where Re j is the radius of the outer boundary of the ejecta
and ηs is a constant. f (r/Re j) is the structure function of the
ejecta. For freely expanding ejecta, we assume the following
core-envelope power law profile:
f (w) =
{
f0, 0≤ w≤ wcore
f0(wcore/w)n wcore ≤ w≤ 1,
(A2)
where w = r/Re j and wcore = Rcore/Re j. Since the total mass
of ejecta is assumed to be Me j, we obtain
f0 = 34piwncore
[
1− (n/3)
1− (n/3)w3−ncore
]
. (A3)
Throughout the paper, s < 3 is required to ensure a finite
mass of the swept up ambient medium,
With the above density distribution, λb and λc in the
FE solution can be derived and expressed explicitly. Based
on energy conservation, we have
ESN =
1
2
∫ Re j
0
4pir2ρe j(r)
( r
t
)2
dr. (A4)
Since in the FE solution Re j = Rc = λct
√
ESN/Me j, after some
calculation we obtain
λ 2c (n,wcore) = 2w−2core
(
5−n
3−n
)(
wn−3core−n/3
wn−5core−n/5
)
, (A5)
which is consistent with eq. (27) in TM99. When n < 3, a
core is not necessary, so we assume wcore = 0 for n < 3. λc
now simply becomes
λ 2c (n < 3) = 2
(
5−n
3−n
)
(A6)
According to the discussion in Parker (1963) and
Hamilton & Sarazin (1984), in the FE solution
λb = qbλc (A7)
where qb = 1.1 for a uniform ambient medium with s= 0 and
qb = 1.19 for a wind profile medium with s = 2.
For an ideal gas with specific heat index γ = 5/3, the
dimensionless constant ξ (s) defined in the ST solution equals
2.026 when s = 0 and 3/2pi when s = 2 (Taylor 1946; Sedov
1959; Book 1994). For arbitrary s, Ostriker & McKee (1988)
found that the following expression
ξ (s) = (5− s)(10−3s)8pi (A8)
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provides a good approximation.
By definition, R∗c = ζct∗(n−3)/(n−s) and R∗b = ζbt∗(n−3)/(n−s)
in the SSDW solution. Through comparison with the SSDW
solution in Chevalier (1982) we found that
ζc =
(
A f0wncoreλ n−3c
)1/(n−s)
. (A9)
and
ζb =
(
R1
Rc
)
ζc =
(
R1
Rc
)(
A f0wncoreλ n−3c
)1/(n−s)
. (A10)
where A and R1/Rc are the coefficients provided in Table 1
of Chevalier (1982).
Clearly ζc depends on the value of wcore. In the limit
wcore → 0,
ζc =
{
3A(n−3)
4pin
[
10
3
(
5−n
3−n
)](n−3)/2}1/(n−s)
. (A11)
where we have used eqs. (A3) and (A5).
APPENDIX B: NUMERICAL SETUP
We use the one dimensional hydrodynamic code de-
scribed in Appendix B of Truelove & McKee (1999). It
uses a Lagrangian finite differencing scheme with a stan-
dard formulation for artificial viscosity as discussed in
Richtmyer & Morton (1967). We replaced the artificial vis-
cosity with
q = ρ

c2 γ +14 |∆v|+
√
c22
( γ +1
4
)2
∆v2 +c21c2s

 |∆v|, (B1)
where ∆v is the velocity jump across a zone, ρ is the den-
sity of the zone and cs is the sound speed in the zone
(Caramana et al. 1998). Physically, the artificial viscosity
described in eq. B1 is designed to mimic the Rankine Hugo-
niot jump conditions in real shocks. If we assume c1 = c2 = 1
and consider ∆v as the velocity jump across the shock front,
eq. B1 then represents the pressure jump at the shock front
according to the Rankine Hugoniot jump conditions. In prac-
tice, the linear viscosity term in eq. B1 with coefficient c1 can
damp the spurious oscillations appearing behind the shock
front due to the application of a quadratic type viscosity pre-
sented in Richtmyer & Morton (1967). In our simulation, we
assume c2 = 1 and c1 = 0.5, which we found is able to damp
the spurious oscillations and confine the shock to a few zones.
A Lagrangian Courant-Friedrichs-Lewy (CFL) condition is
utilized in all the simulations with CFL number of 0.5 and
the increase in time step is required to be no more than 5%
between steps.
The shock locations are determined by the position of
maximum pseudo pressure. In order to achieve effective sub-
zone resolution of the shock positions, we interpolate the
pseudo pressure in the region around the shock contact dis-
continuity with a cubic-spline interpolation as in TM99.
We take the FE solution as the initial setup for all the
simulations. For n > 5 cases, the SSDW solution works like
a magnet and the remnant rapidly approaches the SSDW
solution in the simulation. However a small starting time t0
is still necessary to ensure accurate results in the parameter
range of interest. Thus t∗0 = 3× 10−4 is chosen for all the
initial setup.
When n < 3, a total of 1024 equal mass zones are put in
the ejecta. When n > 3, a flat density core is assumed and
is divided into 512 equal mass zones. The number of zones
selected for the envelope depends on n and ranges from 103’s
to 104’s to ensure energy conservation within 1%. For s = 0,
equal size zones are put in the ambient medium between the
initial radius r∗0 = λct∗0 and the outer boundary R∗o = 5. The
number of zones again is selected to ensure energy conserva-
tion within 1% and ranges from 103’s to 104’s. For s = 2, the
same number of equal size zones are put in both the region
r∗0 − 3r∗0 and region 3r∗0 −R∗o. The exact number of zones is
again selected to ensure energy conservation within 1% for
n > 5 and 0.5% for n < 5. In the simulation for the reverse
shock shown in Fig. 5, we put 1024 equal radial size zones
in both the ejecta and ambient medium to obtain accurate
positions for the reverse shock.
In the evolution of a non-radiative SNR, we have R ∝ EmSN
where 1/5 ≤ m ≤ 1/2. m equals to 1/2 in the FE solution
while m = 1/5 corresponds to ST solution. As a result, a
1% offset in energy ESN would in principal result in m% .
0.5% offset in radius R. Partly because of this, in fitting
the numerical simulations we did not pursue |∆R|/R beyond
1%. In practice, we found that when we further increase the
spatial resolution to achieve energy conservation better than
1%, the variations in the forward shock and CD positions
already become negligible.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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